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Abstract—This study proposes a multi-zone 2-D sound field
reproduction approach using compressed sensing methods. We
assume that the desired multi-zone sound field which originates
from a small number of far field sound sources is sparse in the
plane wave domain. From the measurements using the random
microphone array, the desired sound field is decomposed as a set
of plane waves viaℓ1-norm minimization. The complex multi-
zone sound field reproduction problem is then reduced to the
plane wave reproduction over a single spatial region. Simulations
demonstrate that the proposed method leads to a significantly
reduced number of required microphones for accurate multi-
zone sound reproduction.

I. I NTRODUCTION

The aim of spatial multi-zone sound field reproduction
(MZR) is to provide different sound scenes to listeners within
different zones of the reproduction space using the same
loudspeaker array. The variety of approaches to MZR can be
roughly divided into two classes: the first one treats the multi-
zone sound field as a whole, and decomposes the desired sound
field by means of spatial basis functions, i.e., plane waves or
cylindrical harmonics [1-5]. Based on the decomposition, the
complex MZR system is reduced to a relatively simple single-
zone reproduction problem. This kind of methods usually have
special requirements for the arrangement of the loudspeakers
and microphones, and the size of the accurate reproduction
region depends on the number of microphones.

The second class consists of pressure matching approaches,
where the sound pressure is optimized at control points in the
least squares (LS) sense [6-10]. This kind of MZR methods
improve the flexibility of the loudspeaker setup and express
the reproduced multi-zone sound field as a set of weighted
transfer functions between the loudspeakers and the control
points. If the frequency of the desired sound field is high,
more control points are required because the accuracy of the
least squares fit depends on the number of control points. For
common reproduction scenes in a reverberant room, it seems
impractical to utilize too many microphones to capture the
transfer functions between the loudspeakers and microphones.

In many cases of interest, the desired sound field which
originates from a small number of sound sources, is likely
to be sparse in the source domain. Furthermore, due to the
propagation characteristic of the spherical and cylindrical
waves, the far field sound pressure distribution of a point
or line sound source can be approximated as a plane wave.
This prompts the idea of assuming that the desired multi-zone

sound field which contains a small number of far field sound
sources can be sparsely identified by a set of plane waves.
Motivated by this idea, we propose a novel MZR approach
based onCompressed Sensing, namely, Sparse Plane-wave
Decomposition (SPD). First, we use a random microphone
array to sample the target sound field. The sampled sound
field is then decomposed into a set of weighted plane waves
via ℓ1-norm minimization. Existing single-zone sound field
reproduction approaches, such as the continuous loudspeaker
method [11], can be used in the reproduction step. Simulation
results demonstrate that the SPD method reduces the number
of required microphones for accurate MZR and yields better
performance than traditional least squares approach and the
MZR method proposed in [1].

II. T HEORY

In this study, we mainly focus on the 2-D case in anechoic
chamber. As shown in Fig. 1,Q loudspeakers are equally
placed on a circle ofR, and the radiation sound field of the
qth loudspeaker is represented asi

4H
(1)
0 (k ‖x− xq‖), where

i =
√
−1 is the imaginary unit,‖·‖ denotes the Euclidean

distance,xq represents the cartesian coordinate of theqth
loudspeaker,H(1)

0 (·) is the 0th-order Hankel function of the
first kind, k = 2πf/c is the wavenumber,f is the frequency,
andc is the speed of sound propagation. The weight vector of
loudspeaker array is defined asw = [w1 (k) , · · · , wQ (k)]

T .
Considering two circular reproduction zones of radiir: the
bright zone and the quiet zone,N0 randomly distributed
sampling points are selected in each zone. The coordinates
of sampling points arexn, n = 1, · · · , N , whereN = 2N0.

A. LS approach for MZR problem

The desired sound pressure at sampling points can be
expressed aspd = [Sd (x1, k) , · · · , Sd (xN0

, k) , 0, · · · 0]T .
By employing the superposition principle of sound field, the
reproduced sound pressure at thenth sampling point can be
given as

Sr (xn, k) =

Q
∑

q=1

wq (k)G (xn|xq, k), (1)

whereG (xn|xq , k) =
i
4H

(1)
0 (k ‖xn − xq‖) denotes the trans-

fer function between theqth loudspeaker and thenth sampling



Fig. 1. The 2-D MZR with Q loudspeakers.

point in free field, andpr = [Sr (x1, k) , . . . , Sr (xN , k)]
T is

the reproduced sound pressure at sampling points.
The LS-based MZR problem can be mathematically formu-

lated as the following optimization problem:

min
w

‖Gw − pd‖ ,
s.t. ‖w‖ ≤ E0,

(2)

whereG is theN×Q matrix of acoustic transfer functions, the
(n, q)th element ofG is i

4H
(1)
0 (k ‖xn − xq‖), andE0 is the

limit on the loudspeaker weight energy. The total loudspeaker
weight energy quantifies the ability of an array to suppress
spatially uncorrelated noise in the loudspeaker signals.E0

should not be large to improve the robustness of the MZR
system. Essentially, (2) is a convex problem which can be
solved using the CVX toolbox [12].

B. Continuous loudspeaker method for MZR problem

Any arbitrary 2-D desired sound fieldSd (x, k) in a spatial
region with no sources and no scatterers can be represented
by the following Fourier-Bessel series expansion [13]:

Sd (x, k) =

+∞
∑

m=−∞

αd
m (k)Jm (k ‖x‖) eimφx , (3)

whereJm (·) is the Bessel function of orderm, m is referred
to as the mode,αd

m (k) is the mth mode coefficient, and
superscript “d” represents the desired sound field. Considering
the spacial high-pass property of Bessel functions and the fact
that the desired sound field has to be bounded within a limited
spatial region, we can truncate this series expansion as follows:

Sd (x, k) =

+M0
∑

m=−M0

αd
m (k)Jm (k ‖x‖) eimφx , (4)

where M0 = ⌈kR⌉, in which ⌈·⌉ denotes the top integral
function.

The desired sound field can also be approximated as a sum
of weighted plane waves, as follows:

Sd (x, k) =
P
∑

p=1

g (p) eikx·φ̂p , (5)

where φ̂p ≡ (1, φp) is the unit vector in the direction of the
pth plane wave,φp = 2πp/P is the incident angle of thepth
plane wave,P is the number of plane waves,g(p) denotes the
pth plane wave weight. Using the Jacobi-Anger expression, a
plane wave arriving from angleφpw can be written as follows:

eikx·φ̂pw =

M0
∑

m=−M0

ime−imφpwJm (k ‖x‖) eimφx . (6)

By substituting (6) into (5), the desired sound field coefficients
αd
m (k) can written as

αd
m (k) =

P
∑

p=1

g (p) ime−imφp . (7)

For Q discrete loudspeakers uniformly distributed on a
circle of R with angle interval∆φ = 2π

Q
, theqth loudspeaker

weight can be derived as follows [11]:

wq (k) =

M0
∑

m=−M0

2

iπH
(1)
m (kR)

αd
m (k) eimφq∆φ, (8)

whereH(1)
m (·) is themth-order Hankel function of the first

kind, αd
m (k) denotes mode coefficient of the desired sound

field, andφq = q∆φ is the polar angle of theqth loudspeaker.
According to (7) and (8), if we can decompose the desired
sound field into a series of weighted plane waves, then we
can obtain the loudspeaker weights using the continuous
loudspeaker method. For a simple sound field, we use com-
pressive sensing methods to accomplish this decomposition,
which leads to a significantly reduced number of required
microphones for accurate multi-zone sound reproduction.

III. M ETHOD

Compressed sensing describes a set of mathematical meth-
ods and theories that enable accurate recovery of original
signals from a small number of samplings. Given the MZR
problem, if the desired multi-zone sound field can be described
by a sparse set of elementary functions, then we can use a
small amount of microphone samples to reconstruct the desired
sound field over the predefined target regions accurately. Given
a single-zone sound field reproduction problem, if a sound
field originates from a small number of far field sound sources,
then a plane wave basis can be selected as the sparsity
domain [14]. For a MZR system, the reflected sound field of a
single loudspeaker in a reverberant room can also be sparsely
identified in the domain of plane wave decomposition [15].

Based on the aforementioned results, it is assumed that
the desired multi-zone sound field that originates from a
few far field sound sources is sparse in the plane wave
domain. We select a sufficiently large number of plane waves



{eikx·φ̂p}, p = 1, 2, . . . , P , and sample the desired sound field
atN randomly distributed positions within the bright and quiet
zone. The main task of compressed sensing is to derive the
sparsest set of plane waves from{eikx·φ̂p} to describe the
desired sound field faithfully. Thus, it amounts to solving the
following ℓ0-norm minimization problem [16] [17]

min
g

‖g‖0,
s.t.pd = Φg,

(9)

whereΦ is theN × P dictionary matrix whose columns are
measurements vectors of the plane wave set{eikx·φ̂p}, pd is
theN × 1 vector that contains the desire sound field pressure
at N randomly distributed microphones,g is theP × 1 plane
wave coefficients vector, and‖·‖0 indicates the number of non-
zero elements of a vector.

Theℓ0-norm minimization problem (9) is combinatorial and
non-deterministic polynomial-time hard (NP-hard), however, it
can be relaxed to a convex problem

min
g

‖g‖1,
s.t.pd = Φg,

(10)

if Φ satisfied the Restricted Isometry Property (RIP) [18].
Various families of random matrices satisfy the RIP with high
probability. In this study, we introduce the randomness of
Φ by randomly locating the microphones within the desired
region. In practice,pd andg are often corrupted by noise and
approximation error; thus, a more robust model is to relax the
minimization problem (10) to

min
g

‖g‖1,
s.t.‖pd−Φg‖

‖pd‖
≤ ε,

(11)

where ε is a specified precision that depends on the noise
variance. This problem can be solved using CVX [8]. After the
decomposition, the desired multi-zone sound field is expressed
as a set of weighted plane waves. The loudspeaker weight can
be obtained by the continuous loudspeaker method [11].

IV. SIMULATION

In this simulation,75 loudspeakers are equally placed on
a circle of 1m and two circular reproduction zones with the
radius of0.3m are considered. The polar coordinates of the
two regional centers are(0.6, π) and(0.6, 0) respectively. The
desired sound field in the bright zone is a plane wave arriving
from angleφpw at a frequency off = 2000Hz, whereas the
desired sound field in the quiet zone is zero. The following
parameters are used:M0 = 37, ε = 0.01, and c = 340m/s.
The size of the dictionaryΦ in (13) is 2N0 × 1000. Two
measurements are adopted to evaluate the performance of the
MZR system [5]:
(i). The acoustic brightness contrast between two predefined
zones to evaluate the energy leakage, expressed as follows:

ς (k) =

∫

Db
|Sb (x, k)|2dx

/

Db

∫

Dq
|Sq (x, k)|2dx

/

Dq

, (12)

Fig. 2. MZR performance with different number of microphones. Plotted
are (a) the NMSE in the bright zone and (b) the acoustic brightness contrast
between bright and quiet zones. Each point has been averagedover 50 trial
runs.

Fig. 3. Reproduction of a 2-D two-zone sound field with 15 randomly
distributed sampling points within each zone in free field. The desired sound
field in the bright zone is a plane wave arriving from angleφpw = π/4 at a
frequency off = 2000Hz, whereas the desired sound field in the quiet zone
is 0. (a) Desired sound field, and (b) reproduced sound field.

whereSb (x, k) and Sq (x, k) denote the reproduced sound
field in the bright zone and the quiet zone.Db andDq mark
the size of the bright zone and the quiet zone.
(ii). The normalized mean square error (NMSE) between the
desired sound and the reproduced sound over the bright zone
to evaluate the reproduction accuracy, expressed as follows:

e (k) =

∫

Db
|Sd (x, k)− Sb (x, k)|2dx
∫

Db
|Sd (x, k)|2dx

, (13)

whereSd (x, k) denotes the desired sound field.
Fig. 2 depicts the reproduction performance atφpw = π/4

with different number of microphones. Notably, the more
microphones are used, the better MZR performance is. Using
a small number of microphones, e.g.N0 = 10, the acoustic
brightness contrast between two zones is still larger than 20
dB and the NMSE of the bright zone is smaller than -20
dB. Fig. 3 (a) illustrates the desired sound field which is a
plane wave arriving fromπ/4, and Fig. 3 (b) presents the



Fig. 4. MZR performance with 15 microphones for each zone when the
desired plane wave in the bright zone is panned using different methods.
In the reproduction method [1], the regularization parameter is 0.01, and
microphones are uniformly distributed on the contour of twozones. Plotted
are (a) the NMSE in the bright zone and (b) the acoustic contrast between
bright and quiet zones. Each point has been averaged over 50 trial runs.

reproduced sound field using 15 measurements for each zone.
The synthesized multi-zone sound field exhibits an acoustic
contrast of 28 dB between two zones, whereas the NMSE
over the bright zone is -30.4 dB.

Fig. 4 illustrates the MZR performance with 15 microphones
in each zone whenφpw is panned. We observe thatφpw affects
the system performance and that the worst performance is
achieved when the plane wave is in-line with both zones,while
the best performance is obtained when it is perpendicular with
the line draw through the centers of the zones. The aforemen-
tioned results in Fig. 4 are consistent with the conclusions
in [5] [6]. With the same small number of microphones, the
proposed method yields up to 20 dB in the NMSE of the bright
zone over the least squares approach and the MZR method
proposed in [1]. For the acoustic brightness contrast between
two zones, the proposed method can provide up to 15 dB
improvement over the least squares approach and more than
10 dB over the MZR method in [1]. Fig. 5 (a) illustrates the
desired sound field which contains 4 plane waves, and Fig. 5
(b) presents the reproduced sound field using 15 microphones
for each zone. The synthesized multi-zone sound field exhibits
an acoustic contrast of 25.2 dB between two zones, whereas
the NMSE over the bright zone is -24.9 dB.

Fig. 5. Reproduction of a 2-D two-zone sound field with 15 randomly
distributed microphones for each zone in free field. The desired sound field
in the bright zone contains 4 plane waves, which arrives fromangleπ/4,
7π/18, π/2, and3π/4 respectively, at a frequency off = 2000Hz, whereas
the desired sound field in the quiet zone is 0. (a) Desired sound field, and (b)
reproduced sound field.

V. CONCLUSION

In this study, we have proposed a new MZR approach.
In the case where only a few far field sound sources are
present, the desired sound field can be described as a sparse set
of plane waves based on compressed sensing methods. With
a small number of microphones, theℓ1 norm minimization
algorithms enable us to obtain a good MZR performance. For
the reproduction of under-sampled sound fields, simulations
results demonstrate that the proposed method yields better
performance than traditional least-square approach and the
MZR method in [1].
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