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Axisymmetric (n = 0) waves that propagate at low frequencies are of practical interest in the application
of acoustic techniques for the detection of leaks in fluid-filled pipelines. A general expression for the
fluid-dominated (s = 1) wavenumber is presented in a thin-walled fluid-filled pipe surrounded by an elas-
tic medium. In this paper the analysis is extended to investigate the loading effects of surrounding med-
ium on the low-frequency propagation characteristics of the s = 1 wave. The analytical model is
subsequently applied to MDPE water pipes surrounding by three media, namely an air, water and soil.
It is used to demonstrate explicitly the loading effects of surrounding medium, acting as a combination
of mass, stiffness and radiation damping on the s = 1 wavenumber. Good agreement is achieved between
the measurements and predictions. The theory with experimental validations provides the basis for
improving acoustic leak detection methods in fluid-filled pipe systems.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Cylindrical pipes are the practical elements for transporting flu-
ids and gases in the petrochemical, water and energy industries.
Leakage from pipes has been a major issue for some time due to
the social, environmental and economic consequences. Acoustic
techniques have been shown to be effective for the detection of
leaks in fluid-filled pipes [1–6]. In particular, methods based on
cross-correlation provide a powerful solution for locating water
leaks, and are now in common use in many countries. For these
methods to be effective, the propagation characteristics of the
dominant waves need to be know a priori. Plastic pipes are now
being increasingly used in many water distribution systems in
China and around the world. Although cross-correlation methods
have been used successfully to identify the location of water leaks
in metal pipes, they are less effective in plastic pipes. In practical
leak detection surveys, water leaks can be detected in metal pipes
at large ranges (upwards of 1 km). This may be reduced by a factor
of 10 or more for plastic pipes. The dominant wave types that
propagate in fluid-filled pipes must be better understood in order
to meet the challenge of significantly improving water leakage
detection ranges, in particular for plastic pipes.

Much research has been devoted to studying the wave propaga-
tion and energy distribution within elastic fluid-filled pipes in
vacuo by solving wave equations under the boundary conditions
for thin-walled shells. In earlier research, Lin and Morgan [7] stud-
ied the axisymmetric (n = 0) waves through fluid contained in an
elastic thin cylindrical shell. Fuller and Fahy [8] derived the n = 0
wavenumbers for fluid-filled pipes defined as ‘‘hard” and ‘‘soft”
shells, and Xu and Zhang [9] investigated the forced vibration.
Fuller [10] studies theoretically the energy distribution among
various wave types for a radial wall input force and for internal
pressure pulsations. Pinnington and Briscoe [11] introduced an
external circumferential piezoelectric transducer to detect the
radial wall motion of a fluid-filled pipe. Pinnington [12,13] further
investigated the n = 0 wave transmission properties and transfer
functions for pressurized flexible tubes.

Recent research has shown that at low frequencies, one partic-
ular n = 0 wave, namely, the fluid-dominated (s = 1) wave is often
the main carrier of the vibrational energy in buried fluid-filled
plastic pipes [14–16]. In this special case where n = 0, s = 1 corre-
sponds to a breathing mode (or no motion at all) of the pipe shell
in the circumferential direction. The cited work suggests that rela-
tively predictable for metal pipes, the acoustic characteristics of
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wave propagation are largely unknown for plastic pipes, due to the
uncertainties in the propagation wavespeed and the radiation
damping effect on the attenuation. Additionally, strong coupling
between the pipe wall, the contained fluid and the surrounding soil
occurs in buried fluid-filled plastic pipes. Muggleton et al. [14–16]
developed theoretical models and conducted some experiments to
validate the predictions for the s = 1 wave. However, the soil med-
iumwas not appropriately modelled: it was treated as a fluid effec-
tively supporting the elastic waves in the soil [14]; the effects of
soil were taken into account under a lubricated contact condition
[16]. However in reality some shear stress will always be present
at the interface. In particular, neglecting the frictional stress is
questionable for the purpose of attenuation predictions.

The present authors [17] have recently developed an analytical
method for investigating the dispersion characteristics of the s = 1
wave motion in buried fluid-filled pipes. In this paper, the analysis
is extended to study the loading effects of surrounding elastic med-
ium, acting as a combination of mass, stiffness and radiation damp-
ing, on the propagation characteristics of the s = 1 wave.
Theoretical predictions of the s = 1 wavenumber are compared
with wavenumber measurements made on actual medium density
polyethylene (MDPE) water pipes in-air, in-water and buried in
sandy soil.
(a) Infinite elastic medium
2. Theory

2.1. The s = 1 wavenumber

This section derives a general expression for the n = 0, s = 1
wavenumber in a fluid-filled pipe surrounded by an elastic med-
ium. In the analysis, the fluid-filled pipe system is modelled as a
cylindrical tri-layer system with the cross-section as shown in
Fig. 1. The inner layer of fluid cannot support shear, and the pipe
wall is modelled based on the thin shell theory while the outer
layer of an elastic medium may support both compressional and
shear motions without loss of generality. The problems we shall
consider concern the propagation of elastic disturbances in layered
media, each layer satisfying the continuity conditions at the
interfaces.

We begin with a brief outline of the coupled axial and radial
motion of the fluid-filled pipe with a mean radius a and wall thick-
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Fig. 1. Schematic of the cross-section of a fluid-filled pipe surrounded by an infinite
elastic medium.
ness h such that h=a � 1. Referring to Fig. 2, u and w denote the
displacements of the shell element in the x and r directions, respec-
tively. The internal fluid is assumed to be inviscid and the sur-
rounding elastic medium is homogenous and isotropic. Losses
within the fluid and surrounding media are both neglected. Cou-
pled equations of motion for the n = 0 waves that propagate in a
buried fluid-filled pipe have been derived with a more detailed
treatment may be found in [17]. For each s wave, the travelling
wave solutions of the form u ¼ Useiðxt�ksxÞ and w ¼ Wseiðxt�ksxÞ

and pf ¼ PfsJ0 krfsr
� �

eiðxt�ksxÞ are used to describe the pipe wall dis-

placements and internal pressure, where ks is the axial wavenum-
ber; Us and Ws are the amplitudes of shell displacements in the
axial and radial directions respectively; Pfs is the amplitude of
the internal pressure; the internal fluid radial wavenumber, krfs, is

related to the free-field fluid wavenumber, kf, by krfs
� �2

¼ k2f � k2s

and k2f ¼ x2qf =Bf ; Bf and qf are the bulk modulus and density of
the contained fluid;x is the angular frequency; and J0() represents
a Bessel function of order zero.

Consider the equations governing the coupled axial and radial
motion for the axisymmetric s waves in a fluid-filled pipe sur-
rounded by an elastic medium [17]

X2 � ðksaÞ2 � SL11 �ivpðksaÞ � SL12

�ivpðksaÞ � SL21 1�X2 � FL� SL22

" #
Us

Ws

� �
¼ 0 ð1Þ

where X is the nondimensional frequency, X ¼ kLa; kL is the shell

compressional wavenumber, k2L ¼ x2qp 1� v2
p

� �
=Ep; qp, Ep and vp

are the density, Young’s modulus and Poisson’s ratio of the shell;
FL and SL are the fluid loading term and the loading matrix of sur-
rounding medium representing the coupling effects of the con-
tained fluid and surrounding medium on the pipe wall
respectively. Referring to Fig. 1, the contained fluid applies the pres-
sure at the pipe-fluid interface and the surrounding medium applies
the stresses in the axial and radial directions at the pipe-medium
interface. Applying the momentum equation and the displacement
x

Fluid medium

∞

r

u

Shell element

∞

cylindrical shell

(b)

cylindrical shell

x ∞∞

r

w
Shell element

Infinite elastic medium

Fluid medium

Fig. 2. Schematic of the coupled axial and radial motion of the shell element of
radius a and thickness h in cylindrical coordinates: (a) in the axial direction; (b) in
the radial direction.
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continuity in the radial direction at the pipe-fluid interface, the fluid
loading term FL was first introduced by Fuller and Fahy, which is
given by [8]

FL ¼ qf

qp

a
h

X2

krfsa

J0 krfsa
� �

J00 krfsa
� � ð2Þ

where J00 ¼ ð@=@rÞJ0ðÞ. At low frequencies, the approximation for the
Bessel function ratio may be adopted, i.e., J0ðxÞ=J00ðxÞ � �2=x when
x ! 0. Thus Eq. (2) is approximated by

FL ¼ �2
qf

qp

a
h

X2

k2f a2 � k2s a2
ð3Þ

Applying the displacement continuity in the axial and radial
directions at the pipe-medium interface, the loading matrix, SL,
is found to be obtained by [17]

SL11 ¼ �lm
1�v2

pð Þ
Ep

a
h

krdsak
2
rsa

2

krrsak
r
dsa H0 krrsað Þ=H0

0 krrsað Þ½ �þk2s a2 H0 krdsað Þ=H0
0 krdsað Þ½ �

SL12 ¼ ilm
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pð Þ
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a
h ksa 2� k2r a
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0 krdsað Þ
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dsa H0 krrsað Þ=H0

0 krrsað Þ½ �þk2s a2 H0 krdsað Þ=H0
0 krdsað Þ½ �

� �
SL21 ¼ SL12
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ð1�v2

p Þ
Ep

a
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rsa
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� �

9>>>>>>>>>=
>>>>>>>>>;

ð4a-dÞ

where the surrounding medium radial wavenumbers, krds and krrs, are

given by krds
� 	2 ¼ k2d � k2s , krrs

� 	2 ¼ k2r � k2s respectively; kd and kr are
the compressional and shear wavenumbers in the surrounding

medium, which are given by k2d ¼ x2qm=ðkm þ 2lmÞ and

k2r ¼ x2qm=lm respectively; qm is the density of the surrounding
medium, and km and lm are the Lamé coefficients; the Hankel func-
tions of the second kind and zero order, H0(), describe outgoing
waves in the surrounding soil; and H0

0 ¼ ð@=@rÞH0ðÞ.
The non-trivial solutions to the s wavenumbers can be obtained

by making the determinant of the characteristic matrix L given by

Eq. (1) equal to zero, i.e., det L k2s
� �h i

¼ 0. As a result, the character-

istic equation which describes the propagation of the s waves is
obtained by

½X2 � ðksaÞ2 � SL11�½1�X2 � FL� SL22� � ½ivpðksaÞ þ SL12�2 ¼ 0

ð5Þ
Based on the low-frequency approximation for the Bessel func-

tion ratio and the knowledge that for the s = 1 wave, k1 is much lar-

ger than the shell compressional wavenumber kL, i.e., k
2
1 � k2L [11],

substitution of the fluid loading term FL given by Eq. (3), Eq. (5) can
be rearranged to give

k21 ¼ k2f 1þ b

1�X2 þ a


 �
ð6Þ

where a and b are the measures of the loading effects of
surrounding medium and fluid on the pipe wall, and given by

a ¼ �SL22 � ðvp � iSL12=k1aÞ2= 1þ SL11=k
2
1a

2
� �

,

b ¼ 2Bf a 1� v2
p

� �
=Eph respectively.

2.2. Loading effects of surrounding medium

Noting that the plastic pipe material is lossy by means of a com-
plex modulus of elasticity Ep (hence a complex b), it is found from
Eq. (6) that k1 is always complex indicating the s = 1 wave decays
as it propagates. The real and imaginary parts of the wavenumber
give the propagation wavespeed and wave attenuation respec-
tively. For plastic pipes, the fluid loading is heavy, i.e., ReðbÞ � 1.
The loading effects of surrounding medium on the s = 1 wavenum-
ber depend upon its elastic properties. Consider the following sur-
rounding media:

(1) For an air medium, the loading effects of an air on the pipe
wall are negligible at low frequencies. It is also referred to
as an in-vacuo case. Assuming SL = 0, the measure of the
loading effects of surrounding air is reduced to a real
a ¼ �v2

p . It can be seen from Eq. (6) that at lower frequencies

X2 � 1
� �

the s = 1 wave travels significantly slower than the

free-field fluid wavespeed, i.e., k21 > k2f , due to the effect of
heavy fluid loading, ReðbÞ � 1. Furthermore the s = 1 wave-
speed decreases with frequency. Clearly the wave attenua-
tion is only due to losses within the pipe wall, as can be
seen from Eq. (6).

(2) For a fluid medium, the shear modulus lm ! 0. As a result,
the Lamé coefficient km ! Bm and the shear wavenumber

kr ! 1 and lmk
2
r ¼ x2qm. The loading matrix of surround-

ing fluid given by Eq. (4), after some manipulation, reduces
to
SL11 ¼ 0; SL12 ¼ 0; SL21 ¼ 0; SL22 ¼ �qm

qp

a
h

X2

krd1a

H0 krd1a
� 	

H0
0 krd1a
� 	

ð7a-dÞ

In this case, the measure of the loading effects of surrounding
fluid reduces to a complex a ¼ �v2

p � SL22 since SL22 is a func-
tion of the s = 1 wavenumber. Correspondingly, the wave
attenuation is attributed to both material losses within the
pipe wall (i.e., a complex b) and radiation losses due to the
added damping of the surrounding fluid (i.e. a complex a).
(3) For a soil medium, similar to a fluid medium, the resultant
wavenumber k1 is always complex and hence a complex a.
This suggests that the attenuation depends on both material
losses and radiation losses. The loading matrices given by
Eqs. (4) and (7) are rather cumbersome. Given a complex a
for both a fluid and soil media, it is not clear from Eq. (6)
how the propagation wavespeed is affected by the loading
effects of surrounding medium since both real and imagi-
nary terms contributing. Nevertheless, in simple terms,
neglecting the losses, it can be seen from Eq. (6) that if the
overall loading effects of surrounding fluid/soil are to add
mass to the pipe wall, i.e., ReðaÞ < 0, then the wavenumber
will increase relative to the in-air case (corresponding to a
slower wavespeed); if it is to add stiffness, i.e., ReðaÞ > 0,
the wavenumber will decrease compared to the in-air value
(corresponding to a faster wavespeed).

3. Comparison of wavenumber predictions and measurements

This section presents some numerical results of the s = 1
wavenumber in comparison with the experimental data from
actual MDPE water pipes. Three surrounding media are considered
including an air, water and soil. Correspondingly, wavenumber
measurements for the s = 1 wave were conducted on the in-air,
in-water and buried MDPE water pipes, as shown in Figs. 3(a)–
(c). The detailed information about the material properties of the
actual pipe systems is given in Table 1. The tests on the in-air
and in-water pipes were carried out in the laboratory while mea-
surements on the buried water pipe were made outside at the tem-
perature being only a few �C. Thus the elastic modulus of MDPE is
given at both room-temperature and low-temperature (marked by
⁄) in the table. The description of the test site and measurement



Fig. 3. Experimental set-up for wavenumber measurements on water-filled MDPE pipes: (a) in-air; (b) in-water; (c) buried in sandy soil.

Table 1
Parameters of the MDPE pipe and media.

Parameters MDPE Air Water Soil

a (m) 0.0845 – – –
h (m) 1.1e�2 – – –
Density (kg/m3) 900 1.29 1000 1500
Young’s modulus (N/m2) 1.6 (2.0*)e9 – – –
Bulk’s modulus (N/m2) – 1.42e5 2.25e9 4e7
Shear modulus (N/m2) – – – 1.5e7
Poisson’s ratio 0.4 – – –
Material loss factor 0.06 – – –

* Indicates low-temperature value.

46 Y. Gao et al. / Applied Acoustics 116 (2017) 43–49
procedures are detailed in [15,18]. Here experimental results are
used to validate the current theory for wavenumber predictions,
and to examine the loading effects of surrounding medium, acting
as a combination of mass, stiffness and radiation damping, on the
pipe wall. The complex wavenumbers k1 are calculated recursively
using Eq. (6) with the loading matrix SL defined by Eq. (4). The real
parts of the wavenumber are plotted against frequency and the
imaginary parts are expressed as wave attenuation (loss) in dB/m
where
Fig. 4. Comparison of measured and predicted wavenumbers on the in-air
AttenuationðdB=mÞ ¼ 20
Im k1f g
lnð10Þ ð8Þ
3.1. In-air and in-water pipes

Figs. 3(a) and (b) show the experimental set-up on a water-
filled MDPE pipe, approximately 2 m in length for the in-air and
in-water tests respectively. The wavenumber measurements were
and in-water MDPE water pipes: (a) real part; (b) attenuation (dB/m).



Fig. 5. Predicted wavespeeds for the s = 1 wave on the in-air and in-water MDPE
water pipes. The wavespeeds are normalised by the free-field wavespeed cf.
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conducted using three PVDF wire ring transducers instrumented
on the in-air pipe [15] and three hydrophones on the in-water pipe
[18], spaced 0.5 m apart, for the pipe was not designed ane-
choically. Fig. 4(a) shows good agreement between the measured
Fig. 6. Measures of the loading effects of surrounding fluid a in com

Fig. 7. Comparison of measured and predicted wavenumbers on the
and predicted real parts of the wavenumber for both the in-air
and in-water cases. The deviation of the measured data from the
theory is caused by small errors in decomposing the outgoing
and reflected waves in the pipe. As shown in the figure, there is
an increase of the real part of the wavenumber for the in-water
pipe relative to the in-air case. Correspondingly, the s = 1 wave
for the in-water pipe travels slower than for the in-air pipe, as plot-
ted in Fig. 5. For the MDPE pipes considered, the fluid loading is
very heavy, ReðbÞ ¼ 18, which causes a great decrease in the prop-
agation wavespeeds relative to the free-field wavespeed cf. It can
be found in the figure that the s = 1 wavespeed c1 for the in–air
pipe is much less than the free-field fluid wavespeed cf, and
decreases with frequency (increasing X2), as anticipated.

In order to better understand the loading effects of surrounding
fluid on the dispersive behaviour of the s = 1 wave, the real and
imaginary parts of the measure a are plotted in Figs. 6(a) and (b)
respectively. As shown in the figures, for the in-air pipe, a coin-
cides with the in-vacuo value a ¼ �v2

p (calculated as �0.16). For
the in-water pipe, the level of ImðaÞ is much smaller relative to
ReðaÞ. Thus ReðaÞ plays a dominant role in the overall loading
effects of surrounding fluid on the propagation characteristics. As
stated in Section 2.2, a negative ReðaÞ indicates that a fluid medium
is to add mass to the pipe wall and thereby decreasing the propa-
parison with the in-air case: (a) real part; (b) imaginary part.

buried MDPE water pipe: (a) real part; (b) attenuation (dB/m).



Fig. 8. Predicted wavespeeds for the s = 1 wave on the buried and in-air MDPE
water pipes. The wavespeeds are normalised by the free-field wavespeed cf.
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gation wavespeed. It can be found in Fig. 6(a) that ReðaÞ decreases
with frequency, and therefore leads to a more distinct reduction in
the wavespeed at higher frequencies as plotted in Fig. 5.

Fig. 4(b) shows the attenuation on the in-air and in-water pipes.
There is less agreement between the measured and predicted
results compared to the real parts of the wavenumber, as a result
of larger errors in the wave decomposition when calculating the
imaginary parts of the wavenumber. Nevertheless, the mean val-
ues of the measured data match the theory well. As discussed in
Section 2.2, for a fluid-filled pipe surrounded by an elastic medium,
the attenuation can be attributed to both material losses and radi-
ation losses. For an air medium, the attenuation is due to losses
within the pipe wall and, as such, varies approximately linearly
with frequency, as can be seen from the figure. When the pipe is
surrounded by a fluid medium, the attenuation increases as a
result of the added radiation damping. As shown in Fig. 4(b), the
radiation damping effect increases with frequency. At very low fre-
quencies (below 200 Hz) this effect is relatively small and losses
within the pipe dominate whereas it increases distinguishably at
higher frequencies relative to the in-air value.
3.2. Buried pipe

Fig. 3(c) shows the wavenumber measurements at a buried
water pipe facility consisting of a MDPE pipe buried in loose, sandy
Fig. 9. Measures of the loading effects of surrounding soil a in com
soil. An anechoic terminator was fitted to the pipe end to reduce
wave reflections in the tank. The details of the experimental setup
and analysis can be found in [15] and are not reproduced in detail
here. Signals from a pair of hydrophones spaced 2.02 m were used
to calculate the s = 1 wavenumber. Figs. 7(a) and (b) show some
fluctuations in both the real and imaginary parts of the measured
results below 160 Hz due to some reflections from pipe connec-
tions; above 550 Hz the measured data becomes unreliable, with
the ‘‘noise floor” being reached for the hydrophone pairs.

Good agreement is found in the real parts of the wavenumbers
between predicted and measured for a soil medium. Upon adopt-
ing the elastic modulus of MDPE at low-temperature, the fluid
loading is found to be ReðbÞ ¼ 14. Fig. 7(a) shows that a slight
decrease of the real part of the wavenumber (i.e. an increase of
the wavespeed as plotted in Fig. 8) compared to the in-air value.
This implies that the soil medium effectively acts as stiffness on
the pipe wall. Additional check on the loading effects of surround-
ing soil on the s = 1 wavenumber is made by plotting the measure
a. As shown in Figs. 9(a) and (b), for a buried pipe, ReðaÞ is a pos-
itive at very low frequencies where ImðaÞ is considerably small.
Thus the soil medium adds stiffness to the pipe wall, as expected.
However, ReðaÞ turns negative with increasing frequency and grad-
ually approaches to a significantly lower level compared to the
increasing ImðaÞ, which in turn adds stiffness to the pipe wall
along with radiation damping. By comparing Figs. 4(b) and 7(b),
it can be seen that a soil medium adds larger radiation damping
to the pipe wall and hence greater losses. It is observed that the
attenuation in the buried water pipe increases substantially com-
pared to the in-water case, being up to 15 dB/m for a soil and
4 dB/m for a fluid at 550 Hz. This explains that in practice, water
leaks can generally be detected in plastic pipes at limited ranges.

4. Conclusions

The loading effects of surrounding medium on the propagation
characteristics of the s = 1 wave have been investigated based on
the analytical solution to the s = 1 wavenumber for a fluid-filled
plastic pipe surrounded by an elastic medium. Examination of
the form of the analytical expression has been made for an air,
water and soil media. The theory presented in this paper has been
applied to wavenumber measurements made previously on MDPE
water pipes and good agreement has been shown for the in-air,
in-water and buried cases. The model has been used to show
explicitly the loading effects of surrounding medium, acting as a
combination of mass, stiffness and radiation damping on the s = 1
wavenumber as follows
parison with the in-air case: (a) real part; (b) imaginary part.
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� The loading effects of an air on the wavenumber are negligible
at low frequencies. The wavespeed is slower than the free-field
wavespeed due to the heavy fluid loading and the wave attenu-
ation is governed by losses within the pipe wall.

� A fluid medium is to add mass to the pipe wall, and thereby
decreasing the wavespeed relative to the in-air value. The atten-
uation is attributed to both material losses within the pipe wall
and radiation losses as a result of the added radiation damping.

� A soil medium is to add stiffness and radiation damping to the
pipe wall. Correspondingly, the wavespeed increases compared
to the in-air case. The added damping effect is greater than that
for a fluid medium, and thus leads to the largest attenuation
compared to an air and water media.

The analytical method provides the framework for modelling
the propagating s = 1 wave in a fluid-filled plastic pipe. It facilitates
insight into the loading effects of surrounding medium on the
propagation characteristics at low frequencies and will enable
acoustic techniques to be improved for leak detection in fluid-
filled pipe systems.
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