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P-Matrix Analysis of Surface Acoustic Waves
in Piezoelectric Phononic Crystals

Yahui Tian, Honglang Li, Yabing Ke, Ce Yuan, and Shitang He

Abstract—Large time/memory costs have constituted a sig-
nificant obstacle for accurately analyzing surface acoustic
waves (SAWs) in large-sized two-dimensional (2-D) piezoelectric
phononic crystals (PnCs). To overcome this obstacle, this study
introduces the unit P-matrix and its associated cascading. To
obtain an accurate unit P-matrix, the Y parameters of the SAW
delay lines were derived using a three-dimensional (3-D) finite-
element model (FEM) with and without 2-D piezoelectric PnCs,
respectively, on the transmitting path. A time window function
was adopted to extract the desired signals from the P-matrix
analysis. Then, unit P-matrix cascading was used to obtain SAW
propagation parameters for the large-sized piezoelectric PnCs.
Using this method, the SAW in aluminum (Al) /128◦-YXLiNbO3

PnCs was analyzed over 150 periods. Experiments were also con-
ducted. To choose the appropriate size of the unit P-matrix, the
variance between experimental results and theoretical results,
and time/memory cost were compared for different periods. The
results indicate that cascading by unit P-matrix of 25 PnCs periods
can be appropriately adopted to accurately derive the SAW prop-
agation parameters over 150 periods. This indicates the accuracy
of the unit P-matrix derived by 3-D FEM and the effectiveness of
P-matrix analysis.

Index Terms—Piezoelectric phononic crystals (PnCs), P-matrix,
surface acoustic wave (SAW), three-dimensional (3-D) finite-
element method (FEM).

I. INTRODUCTION

P IEZOELECTRIC phononic crystals [1] (PnCs) are peri-
odic elastic structures consisting of two different elastic

materials, which have the property of band gaps. This prop-
erty has led to explorations regarding the use of piezoelectric
PnCs in bulk acoustic wave (BAW) devices [2]–[7]. Compared
with BAW devices, surface acoustic wave (SAW) devices can
be used for a greater variety of tasks. Thus, significant research
efforts have recently focused on the applications of piezoelec-
tric PnCs in SAW [8]–[12] devices, including weighted SAW
waveguides [10] based on piezoelectric PnCs by Tian et al., a
SAW resonator with piezoelectric PnCs reported by Solal et al.
[11], and SAW sensor exploration using photonics, phononics,
and microfluidics based on monolithic PnCs [12]. These studies
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demonstrate the potential for using piezoelectric PnCs in SAW
devices.

Finite-difference time domain (FDTD) [13]–[15], plane
wave expansion (PWE) [16]–[18], finite-element method
(FEM) [19]–[23], and finite-element method/boundary element
method (FEM/BEM) [24] have been developed to analyze SAW
propagation in piezoelectric PnCs. Zhao [13] successfully used
the FDTD to analyze SAW propagation in piezoelectric PnCs,
finding that although the FDTD was simple and efficient, it
was inaccurate due to numerical dispersion. PWE was used
by Laude [16] and Wu [17], [18] to analyze the band gaps in
piezoelectric PnCs, but it provided a suboptimal convergence
rate and poor accuracy. Compared to FDTD and PWE, FEM
provides high accuracy and has been widely adopted to ana-
lyze the SAWs in piezoelectric PnCs. But it requires a long
run time and significant memory use. Ventura [24] has com-
bined the FEM with BEM for one-dimensional (1-D) PnCs to
reduce time and memory cost. However, this obstacle still exists
in two-dimensional (2-D) piezoelectric PnCs, particularly when
analyzing SAW propagation parameters in large 2-D piezoelec-
tric PnCs. To overcome this obstacle, this study introduces the
P-matrix to 2-D piezoelectric PnCs. The P-matrix [25] has been
widely used in SAW devices for many years. Using the cas-
cading P-matrix, the propagation parameters, such as the SAW
transmission and reflection coefficients in large piezoelectric
PnCs, can be accurately obtained without significant time or
memory costs. First, an accurate three-dimensional (3-D) FEM
was used to simulate the small-sized piezoelectric PnCs and
obtain the unit P-matrix, which requires substantial time and
memory. Then, the unit P-matrix was cascaded to obtain the
P-matrix of the large-sized piezoelectric PnCs, which requires
minimal time and memory via data processing with MATLAB.

In the following discussion, Section II introduces this method
in detail, including the P-matrix analysis based on the 3-D FEM
and cascading unit P-matrix. Section III uses 2-D aluminum
(Al) /128◦-YXLiNbO3 PnCs as an example for analyzing the
SAW propagation in the large-sized piezoelectric PnCs based
on this method. Experiments were also conducted and com-
pared with theoretical results based on different PnC periods
in the unit P-matrix. Section IV presents the conclusion.

II. P-MATRIX ANALYSIS OF SAW IN 2-D PNCS

BASED ON 3-D FEM

In this method, two SAW delay lines were adopted as shown
in Fig. 1. They consisted of an emitting interdigital trans-
ducer (IDT), a receiving IDT, and the transmitting path with
or without piezoelectric PnCs, respectively. In this section, the
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Fig. 1. Two SAW delay lines. (a) Without piezoelectric PnCs on the transmit-
ting path. (b) With piezoelectric PnCs on the transmitting path.

Fig. 2. P-matrix model of an IDT.

P-matrix analysis of the SAW delay lines is primarily described,
indicating that the unit P-matrix of the SAW propagation in 2-D
piezoelectric PnCs can be derived based on these Y parameters.
Next, the 3-D FEM is introduced to calculate these Y param-
eters. Finally, the cascading of the unit P-matrix is used to
obtain the SAW propagation parameters for the large-sized 2-D
piezoelectric PnCs.

A. Unit P-Matrix Analysis of SAW in 2-D Piezoelectric PnCs

According to the theory of the P-matrix [25], IDT can be
described as a three-port network with two acoustical ports and
one electrical port, as shown in Fig. 2 and (1)

⎡
⎣ b1
b2
i

⎤
⎦ =

⎡
⎢⎣
P IDT
11 P IDT

12 P IDT
13

P IDT
21 P IDT

22 P IDT
23

P IDT
31 P IDT

32 P IDT
33

⎤
⎥⎦
⎡
⎣ a1
a2
u

⎤
⎦ (1)

where ai is the input of the acoustical ports, bi is the output
of the acoustical ports, u is the voltage of the electrical port, i
is the electrical current of the electrical port, and P IDT

ij is the
P-matrix element of the IDTs.

Differing from IDT, the P matrices of free surface and
piezoelectric PnCs transmitting paths can be reduced to two
acoustical ports as[

b1
b2

]
=

[
P11 P12

P21 P22

] [
a1
a2

]
. (2)

Based on the P matrices of IDT and transmitting paths, the
equivalent models of the two SAW delay lines from Fig. 1 can

Fig. 3. P-matrix equivalent models of structures in Fig. 1.

be derived as shown in Fig. 3. We assume that the arrangement
in Fig. 1 is perfectly symmetric and the emitting IDT and the
receiving IDT are the same. Thus, the P matrices of these IDTs
are the same.

In Fig. 3, transmitting path ©1 indicates that the signal trans-
mits from the emitting IDT to the receiving IDT across the free
surface. This can be expressed by

Y 0
21 = P IDT

23 P 0
21 · P IDT

31 (3)

where Y 0
21 is the first signal in the transfer admittance of the

SAW delay line with the free-surface transmitting path and P 0
21

is the transmission coefficient of the free-surface transmitting
path, which can be described by

P 0
21 = e−jωsfl (4)

where sf is the slowness of the free surface and l is the length
of the transmitting path.

In transmitting path ©2 , the signal transmits from the emitting
IDT to the receiving IDT across the 2-D piezoelectric PnCs,
yielding

Y PnCs
21 = P IDT

23 P PnCs
21 · P IDT

31 (5)

where Y PnCs
21 is the first signal in the transfer admittance of the

SAW delay line with the piezoelectric PnCs and PPnCs
21 is the

transmission coefficient of the piezoelectric PnCs.
In transmitting path ©3 , the signal is sent from the emitting

IDT, reflected by the piezoelectric PnCs, and received by the
emitting IDT. Thus, the P-matrix provides the relationship as
follows:

Y PnCs_r
11 = P IDT

23 P PnCs
11 · P IDT

32 (6)

where Y PnCs_r
11 is the reflected signal of PnCs in the input

admittance of the SAW delay line with the piezoelectric PnCs
and PPnCs

11 is the reflection of the piezoelectric PnCs.
By comparing transmitting paths ©1 and ©2

with (3) and (5), the transmission coefficient of the piezoelec-
tric PnCs PPnCs

21 can be obtained via (7) when Y 0
21 is not equal

to zero

PPnCs
21 =

Y PnCs
21

Y 0
21

P 0
21. (7)

By comparing transmitting paths ©1 and ©3
with (3) and (6), as P IDT

32 is equal to P IDT
13 according to

the symmetry of the IDTs, the reflection of the piezoelectric
PnCs PPnCs

11 can be obtained by (8) when Y 0
21 is not equal to

zero

P PnCs
11 =

Y PnCs_r
11

Y 0
21

P 0
21. (8)
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Fig. 4. Signals Y12 received in the time domain of the theoretical model.

Fig. 5. Signal Y11 received in the time domain.

According to the analysis above, Y 0
21, Y PnCs

21 , and Y PnCs_r
11

are needed to calculate the transmission and reflection
coefficients.

In the theoretical FEM simulation models, the conventional
receiving signals Y21 that reach the emitting port include the
first-arriving signal, the triple reflected signal, and the multi-
ple reflected signals. We used an inverse Fourier transformation
(iFFT) to obtain the first signals of Y 0

21 and Y PnCs
21 from Y21 in

the two SAW delay lines. Then, the desired signals of the first-
arriving signal are derived by adding the time window, shown
as a rectangle block in Fig. 4. Finally, we conducted a Fourier
transformation (FFT) on the extracted signals.

In Fig. 5, PPnCs_r
11 can be obtained by first subtracting Y11

from the two SAW delay lines to remove the direct IDT elec-
trical signal. Then, an iFFT was conducted on the subtracted
signal and the time window function was added to extract the
first-reflected signal, as shown in Fig. 5. Finally, the FFT of the
extracted signal was used to obtain the signal in the frequency
domain.

After producing these signals, the transmission and reflection
coefficients of the unit cell can be obtained by (7) and (8).

B. Analysis of the 3-D FEM Model

An accurate 3-D FEM model was built to obtain the desired Y
parameters, as shown in Fig. 6. In the FEM model, it is assumed
that the aperture of the IDT is infinite and the piezoelectric
PnCs periods are infinite in this direction. The SAW delay lines

Fig. 6. Three-dimensional FEM of the SAW delay lines. (a) Without piezo-
electric PnCs on the transmitting path. (b) With piezoelectric PnCs on the
transmitting path.

were reduced to one period by using the period boundary condi-
tion (PBC) in this direction. This was undertaken to reduce the
model’s time and memory costs. On two edges and the bottom
of the substrate, a perfect matching layer (PML) was adopted to
absorb the wave reflected by the boundary.

In the piezoelectric substrate, the piezoelectric coupling-
wave equations are{

ρ∂2ui

∂t2 − cijkl
∂2uk

∂xj∂xl
− eijk

∂2ϕ
∂xj∂xk

= 0

ejkl
∂2uk

∂xj∂xl
− εjk

∂2ϕ
∂xj∂xk

= 0
(9)

where i, j, k, l = 1, 2, 3, ui is the displacement element, ϕ is
the electric potential, ρ is the mass density of the material, ε is
the permittivity, e is the piezoelectric constant, and c is elastic
stiffness constant.

The PBC satisfies the Bloch periodic theorem, which indi-
cates that the structure exhibits translational periodicity. Thus,
the physical fields of the two sides are equal in the amplitude
for one period, as follows:

Φ|y=0 = Φ|y=b (10)

where φ represents the physical fields, including the displace-
ment U , the stress T , and the strain S, and b denotes the lattice
constant of 2-D piezoelectric PnCs.

A lossy medium was introduced in the PML areas, in which
the waves decay rapidly. The attenuation factor of the medium
is usually expressed by [26]

σ(x) = σmax(x/d)
2 (11)

where x denotes the distance from the inner boundary of the
PML area, d is the thickness of the PML layers, and σmax is the
maximum attenuation on the PML outer boundary.

On the upper surface of the piezoelectric substrate, the free-
surface boundary conditions are satisfied by

T3i|z=0 = 0, (i = 1, 2, 3). (12)

Displacement and stress in the area of the IDT and the 2-D
piezoelectric PnCs are continuous, satisfied by{

T3i|z=0+ = T3i|z=0−

ui|z=0+ = ui|z=0−
(i = 1, 2, 3). (13)
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Equation (14) describes the IDT in the electric domain
analysis [

i1
i2

]
=

[
Y11 Y12

Y21 Y22

] [
u1

u2

]
(14)

where i1 and i2 represent the current in the emitting IDT and
receiving IDT, respectively, u1 and u2 represent the voltage in
the emitting IDT and receiving IDT, respectively, and Y is the
admittance of the SAW delay line.

In the FEM model, we imposed 1 V on the emitting IDT
and grounded the receiving IDT. Thus, according to (14), we
obtained Y11 and Y21 via{

Y11 = i1
Y21 = i2.

(15)

Therefore, we can obtain Y11 and Y21 via the charge distri-
bution Q, derived by the FEM simulation according to

i = jwQ. (16)

The models were built and analyzed using FEM software.
First, the geometric structures of the models were established.
Then, the material constants were added to the structures. Next,
the boundary conditions and initial field conditions were set.
The boundary conditions included the PBC, PML, free-surface,
and electrical boundary conditions (the IDTs had one poten-
tial terminal and one ground terminal, and the metal pillars
were set as equipotential bodies with zero-surface charge). The
initial field condition was set to 1 V potential at the potential
terminal in the emitting IDT to generate the acoustic filed. We
then meshed generations at no less than ten meshes every wave
length to guarantee the accuracy of the calculation. The wave
length we adopted here is equal to the period of the pillars. We
selected the frequency domain in the software, meaning that
simulations were conducted in the frequency domain, and we
could adjust the frequency range as needed. Finally, calcula-
tions can begin and all of the physical field distributions can be
obtained, including the charge field. Thus, we can derive the Y
parameters from the charge analysis.

C. Unit P-Matrix Cascading

The unit P-matrix of the small-sized piezoelectric PnCs can
be obtained from the previous analysis. To obtain the propa-
gation parameters of the SAWs in the large-sized piezoelectric
PnCs, the unit P-matrix cascading was introduced.

To be able to ensure the cascading correctly, the input and
output phase planes of the wave amplitudes in the unit have
been set away from the center of the first column and the last
column of the pillars in the unit.

As shown in Fig. 7, assuming that the PnCs are infinite in the
direction perpendicular to the direction of wave propagation,
the P-matrix of a larger unit can be obtained by unit P-matrix
cascading. The combined P-matrix is described as follows:⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

P11 = PA
11 + PB

11
PA

21P
A
12

1−PB
11P

A
22

P12 = P21 =
PA

12P
B
12

1−PB
11P

A
22

P22 = PB
22 + PA

22
PB

21P
B
12

1−PB
11P

A
22
.

(17)

Fig. 7. P-matrix cascading.

Based on the theory above, the P-matrix of the large-sized
piezoelectric PnCs can be derived with the unit P-matrix via
cascading.

III. ANALYSIS OF THE SAWS IN THE 2-D
AL/128◦-YXLINBO3 PNCS AND ADDITIONAL

EXPERIMENTS

A. P-Matrix Analysis of the SAW in the 2-D Piezoelectric
Al/128◦-YXLiNbO3 PnCs

As an example, the transmission coefficient and reflection
of the SAW were analyzed in 150 periods of piezoelectric
Al/128◦-YXLiNbO3 PnCs.

The structural parameters of the models are as follows: the
lattice constant, the thickness, and the diameter of aluminum
stubs are 12, 0.6, and 7 µm, respectively. Only four pairs of
electrodes in both the emitting IDT and the receiving IDT were
applied to obtain the wideband range of working frequency.
Considering the Bragg reflection, the period of the electrodes
is 12 µm, which is equal to the lattice constant, and the metal-
lization ratio is 0.5. Because the center frequency of the SAW
delay lines is approximately 320 MHz and the bandwidth is
approximately 80 MHz, we set the calculation frequency range
from 240 to 400 MHz, which encompasses the main portion
of the SAW delay lines’ responses. The material parameters
of the aluminum are as follows: the density is 2730 kg/m3,
the Young modulus is 7.76× 1010 Pa, and the Poisson ratio
is 0.352. The material parameters of 128◦-YXLiNbO3 are as
follows: the density is 4700 kg/m3, and the stiffness constant,
piezoelectric strain constants, and relative dielectric constants
are [27]

[c] =

⎡
⎢⎢⎢⎢⎢⎢⎣

2.03 0.7007 0.5793 0.1285 0 0
0.7007 1.9442 0.9076 0.0967 0 0
0.5793 0.9076 2.2205 0.0853 0 0
0.1285 0.0967 0.0853 0.7576 0 0
0 0 0 0 0.5695 −0.0510
0 0 0 0 −0.0510 0.7805

⎤
⎥⎥⎥⎥⎥⎥⎦

× 1011

Pa [d] =⎡
⎣ 0 0 0 0 0.7944 0.0877
−0.1716 0.6329 −0.4366 0.0703 0 0
0.1214 −0.4735 0.3836 −0.0118 0 0

⎤
⎦

× 10−10C/N

[ε]S =

⎡
⎣ 44 0 0
0 38.3144 −7.2772
0 −7.2772 34.6856

⎤
⎦.
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Fig. 8. Transmission coefficients for different unit P matrices.

Based on the structural and material parameters above, dif-
ferent unit models with Al/128◦-YXLiNbO3 PnCs periods of
5, 10, 15, 25, 30, and 37 were analyzed to compare different
results based on different unit P matrices. Then, the SAW
propagation transmission coefficients of the 150 periods of the
piezoelectric Al/128◦-YXLiNbO3 PnCs were derived based
on different unit P-matrix cascading results, as shown in Fig. 8.
Because the transmission coefficients in the 240 to 260 MHz
and 380 to 400 MHz ranges are much smaller than the 260
to 380 MHz value, we have limited the frequency range from
260 to 380 MHz to choose the appropriate Y scale. Fig. 8
shows that the transmission coefficient curves tend to con-
verge for unit P-matrix with periods of 25, 30, and 37 for the
Al/128◦-YXLiNbO3 PnCs. They exhibit a large divergence
and ripples for the unit P-matrix of 5, 10, and 15 periods. This
may be due to the problem that for short crystals, the successive
reflected signals are not well separated in the time domain and
are not separated correctly when performing the gating.

B. 2-D Piezoelectric Al/128◦-YXLiNbO3 PnCs Experiments

To verify the theoretical results, further experiments were
also conducted. First, two SAW delay lines consisting of
four pairs of electrodes in the emitting IDT and the receiving
IDT, and with or without 150 periods of 2-D Al/128◦-
YX-LiNbO3 PnCs, were fabricated using
microelectromechanical-system (MEMS) technology. The
structural parameters adopted in the experiments are the same
as in the theory.

Then, the Y parameters of the SAW delay lines were mea-
sured using the network analyzer, with and without piezoelec-
tric PnCs. The measured Y12 parameters in the experiments are
displayed in Fig. 9. From Fig. 9, it can be seen the main lobe
occurred from 260 to 340 MHz and fluctuations existed in the
responses.

To remove the meaningless signals, including the triple
reflected signal, the rectangular time window was introduced to
extract the desired signals in the time domain. Thus, the trans-
mission coefficient and reflection of the SAW propagation in
the 2-D piezoelectric PnCs were obtained via (7) and (8).

Fig. 9. Measured Y12 of SAW delay lines, respectively, with and without PnCs.

Fig. 10. RMS error and memory cost of different periods in the unit.

TABLE I
TIME COST WITH DIFFERENT PNCS PERIODS IN THE UNIT

C. Comparison of the Results of the P-Matrix Analysis and the
Experiments

The theoretical and experimental results were compared,
and the time and memory costs were analyzed to choose the
appropriate unit P-matrix size.

The root-mean-square (RMS) error of transmission coeffi-
cient between the experiments and theory was calculated by

R =

√∑
(ai − bi)

2

n
(18)

where ai is the theoretical data at different frequency points, bi
is the experimental data at different frequency points, and n is
the number of frequency points.

The results of the RMS error based on different unit P matri-
ces are displayed as a dotted line in Fig. 10. In addition, the
memory cost of the FEM model was recorded and shown in
Fig. 10 as a dotted–dashed line.

The time costs of the theoretical 3-D FEM models with dif-
ferent unit periods were also recorded, as listed in Table I. The
computer used in this study contains an Intel Core i7-3930K
CPU and 32-GB RAM.
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Fig. 11. Theoretical and experimental transmission coefficients.

Fig. 12. Theoretical and experimental reflections.

From Fig. 10 and Table I, it can be seen that as the num-
bers of periods in the unit P-matrix increases to greater than 15,
the variance converges. However, the time/memory cost con-
sistently increases. Thus, considering the accuracy, time cost,
and memory consumption, 25 unit P-matrix periods are large
enough threshold for the P-matrix analysis.

Therefore, the transmission coefficient and reflection results
based on 25 periods were adopted as the theoretical
results. A comparison of the theoretical and experimental
SAW transmission coefficients and reflections in the 2-D
Al/128◦-YX-LiNbO3 PnCs is shown in Figs. 11 and 12.

Figs. 11 and 12 illustrate that the theoretical results are sim-
ilar to the experimental results, which verifies the accuracy of
the unit P-matrix and the effectiveness of the P-matrix analysis.
Nevertheless, divergence exists outside the response bandwidth
of the SAW delay lines. Fig. 9 indicates that, apart from the
main lobe, the signal is weak. Moreover, it is unstable, which
is strongly dependent on the time window function. Thus, the
transmission and reflection of the sidelobe range may not be
accurate in our experiments. Thus, we adopted the results in the
main lobe from 260 to 340 MHz.

IV. CONCLUSION

This study introduced the unit P-matrix and its cascad-
ing to analyze SAW propagation in large 2-D piezoelectric

PnCs. An example of SAW propagation was analyzed based
on 150 periods of the 2-D Al/128◦-YXLiNbO3 PnCs using
the P-matrix method, which was verified by experiments. This
study compared the time/memory cost and variance of the
results with different periods of PnCs in the unit P-matrix to
choose the appropriate size of the unit P-matrix. The results
show that based on a small unit P-matrix of 25 periods of the
PnCs, the SAW propagation parameters over 150 periods can be
accurately obtained using P-matrix cascading. The theoretical
and experimental results exhibit good consistency, indicating
the accuracy of the unit P-matrix derived by the 3-D FEM, as
well as the effectiveness of the P-matrix analysis. The P-matrix
analysis of SAWs in piezoelectric PnCs will promote the appli-
cations of piezoelectric PnCs in SAW devices. In the future, a
2-D P-matrix approach will be developed to obtain more accu-
rate results which accounts for considering wave propagation in
two directions.
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