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ABSTRACT

Recursive least square (RLS) is a ubiquitous adaptive fil-
tering algorithm used in general adaptive signal processing
applications. However, it is well known that RLS is sen-
sitive to outlier contaminated in measurements. Traditional
robust RLS has difficulties to cope with correlated ambient
noise. To provide robustness in such cases, a robust RLS
via outlier pursuit (RRLSvOP) framework is proposed with
outlier’s sparsity control via possibly nonconvex penalties,
such as the minimax concave penalty (MCP). Because of
the nonconvexity of the proposed model, more advanced
numerical procedures with convergence guarantees, such as
multi-stage convex relaxation (MSCR), coordinate descent
(CD), proximal gradient (PG) and PG with homotopy (PGH),
are adapted in the online update stage, while the initialization
stage is solved via MSCR strategy. Simulations demonstrate
improved robustness of the model using nonconvex penalties
via these procedures in comparison with that using £; penalty.

Index Terms— Recursive Least Square, Sparsity Prompt-
ing Model, Robust Statistics, Nonconvex Penalty

1. INTRODUCTION

Adaptive filters have wide applications in the general signal
processing applications, such as acoustic echo/feedback can-
cellation, active noise control, source localization and so on
[1]. Among these adaptive filters, RLS enjoys fast conver-
gence with acceptable computational and storage complexity.
However, RLS is very sensitive to the interferences that are
rarely appeared but with strong transient energy, i.e. outlier
[2]. Based on robust statistics [3], robust RLS has been
reported to recursively minimize some modified nonconvex
cost function [4][5]. However,these models cannot handle the
correlated ambient nominal noise with known or estimated
covariance matrix.

On the other hand, instead to design proper cost functions
to provide robustness in the paradigm of robust statistics,
outlier’ sparsity model has been explored to estimate outlier
explicitly [6]. Successful applications are error correction [7],
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robust PCA[8] and outlier detection [9]. Particularly, this
model has been introduced to robust RLS [10] and Kalman
filter [11], where £; norm penalty of outlier vector is used to
solve a sparse optimization sub-problem.

However, it’s well known that when the target sparse
signal is strong, £; norm model often introduces a sub-
optimal solution, since it is only a loose relaxation of the
{o norm [12]. Naturally, typical concave penalties such
as SCAD penalty[13] and MCP [14], hence, are motivated
to use to solve the outlier sparsity prompting nonconvex
optimization sub-problem. Moreover, recent computational
advance in optimizing this kind of nonconvex penalization
problems, such as multistage local linearized approximation
(MLLA/MSCR) [15][16], CD [17], PG [18] and PGH[19], is
another motivation to generalize original £; norm penalized
RRLSVOP to the possibly nonconvex penalized RRLSvVOP.

1.1. Previous work

This work is to generalize £; penalty used in [10] to possibly
nonconvex ones. The usage of nonconvex penalties is highly
motivated because of the bias problem induced by ¢; penalty
when target signals are strong. ADMM fails to deal with
this nonconvex optimization problem. CD works well with
convergence assured. MLLA, PG, PGH methods are also
modified to solve the nonconvex model with different proper-
ties, such as high efficiency, with convergence guarantees and
so on. Hence the generalized RRLSvOP in the work shares
the same sparse outlier pursuit idea as [10], but differs in both
the nonconvex penalty models and computational procedures.

2. THE PROPOSED RRLSVOP FRAMEWORK

2.1. Model

Assume that observations obey to the following linear system
model

y(n) = XT(m)w,(n) + o(n) + v(n),n = 1,2, . .. (D
where,w,(n) € RE, X(n) € RE*P, y(n), o(n), v(n) € RP, v(n) ~

N(0,X%). And X(k), o(k),v(k), Yk = 1,...,n,are independent
from each other. Given measurements {y(k), X(k)};_,, our
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task is, at time instant n, to estimate w,(n) under the per-
turbation of ambient noise {v(k)}}_, and outlier interference
(kY.

The RLS solves,

LS T 2
= ' -X - 2
Jmin, > ;ﬂ llyk) = X" w3 )
The proposed robust RLS solves
(W(n),0(1 : n)) = arg min f(w(n),o(1 : n)), 3)

w(n),o(1:n)

where,

Fwim),o(1:m) £ = 5" B[ Lw(n), 0(k)) + AP(0(k)]

1
“)
with notations L(w(n), o(k)) £ |ly(k) — X" (k)w(n) — o(k)ll)z:,l
and AP(-) as some sparsity prompting penalty defined in the
next subsection.

1 n
2 =

2.2. Typical Penalties and Thresholding Functions

Assume AP(0;4,60) = A ZdDzl P(04). Then we define several
penalties, their concave-convex decompositions and proximal
operators. Penalty definitions,

Alo| 18
AP0) = {2 [Mie < ) + W1z > D) dz SCAD (5)
AL (1-5), dz MCP,
where (x); = max(x,0), I(-) is an indicator function, for

SCAD 6 > 2, for MCP & > 1. SCAD and MCP can be
formulated as ¢; plus a concave part as AP(0) = Q(0) + o],
where

Qo) = {
(6)

The shrinkage thresholding function is the corresponding
proximal operator, defined as § 3,-1p(0) = arg min, %(6—0)2 +
Ay~ 'P(0). For ¢, S 1y-19(0) = sgn(o)(|o] — Ay™N,. And MCP
for example,

o|-02- 12 2_ 510
Mzée—nd I(A <ol < 64) + wmol > 6)

~Z1(lol < 0) + (% - Alol) I(o| > 6.).

Srsgn@)(0l - ), ol < 64

6] > 6. @

0

Sép(a) = {

2.3. Batch Initialization Stage

Initialization stage uses first ny samples to generate a good
initial weight estimate and choose best 4, for the correspond-
ing penalty. Though the loss function £ is jointly convex
over (w(n), o(k)), the penalty ¥ may be concave. Multistage
convex relaxation (MSCR or MLLA) [15] is used to relax the
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concave penalty to its local linear approximation. That is, we
iteratively solve this cost function

®)

(W (ng), 8) = arg min f(w(n), 0;6~")
(w,0)

A

where f(w(ng), 0;0U) % ZZilﬁ"O_kZ(W(n), o(k)) +
A2 P @Y V0o and o = [o(no),... o(1)1".
Thus, at j-th iteration, the new cost function is convex, and
can be solved with CVX[20].This stage is executed several
times to choose best A according to the criterion used in [11].

A

Algorithm 1 Robust RLS via Outlier Pursuit (RRLSvOP)
Choose penalty £ € {(;,SCAD, MCP} and sub-problem
solver M € {MLLA — CVX,CD, PG,PGH}.

Batch Init.:

(W(no), 0(1 : ng), A,) < Solve (8) with n = ny and AP(),
choose A according to [11]
Online Update:
while (n > ny) do
n—n+1
e(n) = y(n) - X" (m)Ww(n - 1)
Solve o(e(n), P, M)
Update RLS via (10)(11)(12).
end while

2.4. Online Update Stage

At the online update stage, it is impractical to re-estimate
past outlier[10]. Therefore, we only estimate the most recent
outlier. At time instant n, previous estimate W(n — 1) is used
to estimate 6(n), that is,

€))

1
6(n) = arg min E||e(n) —ol}, + AP(0)
(1]

where e(n) = y(n) — X" (n)W(n — 1). This sub-problem will be
deal with in the next section. With 6(n), we update weight as

1 n
W(n) = arg min 7 > B Hly(k) = X" (yw(n) — ().
k=1

w(n)
= W(n — 1) + k() [y(n) = X" ()W(n - 1) = 6(n)|
(10)
k() = B'A (0 = DX(m) [Z + X () AT (n - l)X(n)]_l
(1)
A ) =p"A T - 1) — kX T)B'A T (- 1).  (12)

where A(n) £ Y7_, BFX(K)ZXT (k).

The proposed framework is listed in the Algorithm (1)
where the sub-problem in the algorithm is solved in the next
section.



3. THE OUTLIER PURSUIT SUB-PROBLEM
SOLVERS

This section is to use several state-of-the-art solvers for
nonconvex penalized least square regression task to solve
the particular sub-problem in the proposed RRLSvOP frame-
work. The sub-problem is to optimize

0(0, P, M) £ arg min £L(0; 0, X) + 1P(0),

0€RP

13)

where 6(0, P, M) denote that 6 is solved at 6 with penalty £
using method M, the loss function £(0;0,X) = %II(‘) - 0||§_|,
X is noise covariance matrix and assumed to be positive
definite. The loss function is strong convex and has Lipschitz
continuous gradient with strictly positive Lipschitz constant
A1 (2). The good property of the loss function make it
guaranteed to solve the sub-problem stably and/or efficiently
with even nonconvex penalties. Four such kind of solvers
with different properties are adapted to solve this problem.

3.1. MLLA-CVX

This method is the same one as that is used in the previous
section for batch initialization, but with different cost func-
tion.

D
6 = arg min £(0;6,%) + 4 ) P04 loal  (14)
° d=1
where k = 1,...,K, K is the maximum iteration number,
P’ (-) is the first order derivative of (-) defined in the previous
section and when k = 1, set the weighted term of new penalty
to 1. When the penalty function is the logarithmic function,
this algorithm is corresponding to reweighted L1 (RWLI)
[16], that is used in robust Kalman filter [11]. MLLA has
been guaranteed to generate a better solution than ¢; penalized
form [15]. However, the computational cost of this method
may be too high to be used, therefore, computational efficient
methods must be considered.

3.2. CD

CD solves the sub-problem in the manner of one-at-a-time
coordinate-wise update. Initialized with proper values, then
iteratively cycle through each coordinate update [17].

1
0% = arg min |6 - M(0p)|I2., + AP(0q)
2
0 (15)
= Sw;,‘?(g%l)
_ -7
where M(og) = [01",....0% . 040,007,005 "] .d =1

Dk =1
section, oy = (E‘l)d,d and

K, S /10_—117)(‘) has been defined in the previous

A(K)
Oi -

D
DL E o). (16)

d-1
b0 =0 (7= ) E i
i=1 i=d+1
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Lemma 1 ([17]) For possibly non-convex penalties, such as
£, norm, SCAD and MCP, the sequence 6% generated by CD
method (15) will converge to the stationary point of the outlier
pursuit sub-problem (13).

Though CD converges fast to the stationary point, there are
no prediction error bounds available in the literature.

3.3. PG

Since the loss function in (13) has continuous Lipschitz
gradient and penalties have simple structure, it is natural to
consider Nesterov’s PG method to optimize the problem [21].
Furthermore, PG has been used to solve nonconvex penalized
optimization problem with convergence assured [22][18].

At k-th iteration, PG minimizes a quadratic approximation
Li(0;6% D) 2 L% D)+ < vLO* D), 0 - 0% > + Lo -
6("‘1)“% of the loss function near 6%V,

0™ = arg min £;(0; 6% V) + AP(0)
° 1 (17)
= SM;@(u(k_ ))

where S /102'7’(') has been defined in the previous section,
u = 6*=D — 1 v £@% D), ! is a step-size parameter
that can be designed via monotone linear search criterion,
(L©OW(m) < LEO* D) = Syallo® ) — 6%V (m)II3), where
o is a small constant. Convergence result is straightforward
to be adapted from literature.

Lemma 2 ([22, 18]) For possibly non-convex penalties, such
as €, norm, SCAD and MCP, the sequence 6 generated by
PG method (17) will converge to the stationary point of the
outlier pursuit sub-problem (13).

PG is simple to be implemented and scalable to large scale
optimization, however, its convergence may be too slow.

34. PGH

Homotopy strategy can be used to accelerate PG’s conver-
gence rate, as fast local geometric convergence near sparse
solutions has been observed [19]. We use a sequence of
Ay n'Ao,t = 1,...,N, to iteratively optimize the sub-
problem (13). At stage ¢, given 4,, a PG sub-procedure can
be utilized with initial estimate and step-size as the output
of the last stage. And at each stage, a gradually reduced
termination bound €” = &4, is used to check whether
the current estimate gets close to a local optimum. To
simplify computation, new loss function is formed as £(0) =
L(0) + Q(0), where the later term is the concave part of the
original penalty, the new penalty is ¢; norm, hence the new
subproblem is

o® = arg min L;(0; 6%7") + A/[loll;
o . (18)
=8 4y, @)



where £ is the local quadratic approximation of the new
cost function, and a*~D = 6%V — 31 v L% D). It has
been proven that PGH for this kind of possibly nonconvex
optmization problems enjoys global geometric convergence
to an oracle solution [19]. Numerical results in this work have
confirmed the superior performance of this strategy. Besides
the stop criterion, maximum iteration for PG is also used
without degrading its performance.

4. NUMERICAL RESULTS

The setup is the same as the stationary case in [10]. 8 = 2
is used for MCP. We only consider stationary case, where
w,(n) = w,. L = 20,D = 10,SNR = 2L0'§ =2, w,
is all-one vector, with i.i.d. standard gaussian noise added.
Each element of the X(n) are i.i.d. Gaussian distribution with
variance 0')2(. At each time instant, colored Gaussian ambient
noise vector v(n) is generated from a first order AR filter
with pole at 0.95 to an independent standard white Gaussian
distribution. Outlier are modeled by Bernoulli distribution
with probability 0.2 to generate a non-zeros value, which
is drawn from a uniform distribution with zero-mean and
variance 20000. The root mean square error RMSE=||Ww(n) —
W, |2 is used as performance metric. 2000 samples are used
in the simulation, where the first ny = 20 samples are used
for the batch initialization, the rest is used for online update.
6 = 2 is used for MCP. All the results are averaged over 50
independent runs.

0 500 1000 1500 2000
Time

Fig. 1. RMSE convergence curves for RRLSvOP. The ¢,
penalty and MCP model are solved via MLLA-CVX solver
at the initialization stage, then at the online update stage
PGH are used. In the figure, each solid line corresponds to
the result for, from top to down, RRLS, RRLSvOP-L1 and
RRLSvOP-MCP respectively.

The RMSE convergence curves are plotted in Fig.1 and
the run-time of each algorithm is summarized in Table 1.
Since all four strategies, i.e., MLLA-CVX, CD, PG and PGH
have similar curves, we only show the result for PGH in
the figure. It can be seen from the figure that the proposed
RRLSVOP framework with ¢; penalty and MCP solved by
PGH, can provide impressively robustness against outlier
compared with the ordinary RLS result. Moreover, the

results for £; penalty are overwhelmingly outperformed by
the advocated nonconvex penalties, such as MCP. From the
Table 1 we can see that PGH has the best efficiency for ¢;
penalty and behaves similarly as CD and PG for MCP.

Table 1: Time consumption for different solvers(seconds)

MLLA-CVX CD(100) PG(100) PGH
4 516.6 37.1 143.9 25.6
MCP 2401.4 39.7 76.5 118.5

The comparison between RRLSvOP with MCP and R-
RLSvOP with ¢, penalty is further performed with a large
range of percentage of outlier. The result is shown in Fig.
2, where both the batch initialization results with MLLA-
CVX solver and online update RMSE results with PGH
solver are plotted. Up to 50 percentage of outlier, RRLSvOP
can outperform RLS in both stages, where MCP results are
remarkably superior to the £; results [10].

O Ini. RLS
7' Ini. L1-CVX
% Ini. MCP-MLLA-CVX|
== Online RLS

= Online L1-PGH

2 =¥ Online MCP-PGH
0 0.1 0.2 0.3 0.4 0.5 0.6
ercentage iers

Fig. 2. RMSE vs percentage of outlier. Dotted lines are
results for batch initialization stage, while solid ones are for
online stage.

5. CONCLUTION

A robust RLS via outlier pursuit framework has been pro-
posed to incorporate the original one [10] as the special case
using £; norm penalty. The proposed model generalize the
original one in two aspects, firstly, concave penalties such
as SCAD and MCP are also used to further improve the
performance of RLS, especially when outlier are strong ,(;
known to be suboptimal. Secondly, to optimize nonconvex
problems, advanced procedures, such as MLLA-CVX, CD,
PG and PGH have been adapted with either strong theoretical
guarantees or better computational efficiency. Furthermore,
MLLA-CVX is used also in the batch initialization stage
which further improves the performance of the online update
with better initial weight estimate and optimal A. The
superior performance of the generalized model over the
original one is verified in the numerical experiments, up to
50 percentage of outlier contaminations, the proposed model
provides improved robustness over both non-robust one and
the original one.
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